Abstract. The goal of this paper is to study the Frobenius splitting on G/U via the Poisson geometry of (G/U, π G/U ), where G is a semi-simple algebraic group defined over an algebraically closed field of positive characteristic, U is the uniradical of a Borel subgroup of G and π G/U is the certain standard Poisson structure on G/U . We first study the Poisson geometry of (G/U, π G/U ). Then, we develop a general theory for Frobenius splittings on T-Poisson varieties, where T is an algebraic torus. In particular, we prove that compatibly split subvarieties of Frobenius splittings constructed in this way must be T-Poisson sub-varieties. Lastly, we apply our general theory to construct the unique Frobenius splitting on the G/U .
Introduction and statements of results

1.1.
Introduction. Let G be a semi-simple algebraic group and U the uniradical of a Borel subgroup of G. The quasi-affine variety G/U is called the basic affine space. See [1] for references. On G, there exists a well-known standard Poisson structure π st , which has its roots in the theory of quantum groups (see [3] [7] ). The standard Poisson structure π st projects to a well-defined Poisson structure π G/U called the standard Poisson structure on G/U .
Let T be an complex algebraic torus. A T-Poisson manifold [13] is a complex Poisson manifold (X, π X ) with a T-action preserving the Poisson structure π X . A T-Poisson manifold gives rise to a decomposition of X into T-orbit of symplectic leaves of π X , also called T-leaves, a term suggested by J.-H. Lu and V. Mouquin in [13] . Every T-leaf in (X, π X ) admits a non-zero anticanonical section on X called the Poisson T-Pfaffian, a term suggested by A. Knutson and M. Yakimov. See also [13] . Let G be a complex semi-simple Lie group and T the maximal torus of G. The left translation of T on G/U makes (G/U, π G/U ) into a natural T -Poisson manifold. Although J.-H. Lu and V. Mouquin develops a general theory (see [13] ) to compute the T-leaves of a class of T-Poisson manifold, the case (G/U, π G/U ) is an exceptional example. Using the Bruhat decomposition on G/U and some propositions of so-called T-mixed Poisson structures (see §2.3), we figure out the T -leaves decomposition of (G/U, π G/U ).
Let X be a scheme defined over an algebraically closed field of positive characteristics. In 1985, Mehta and Ramanathan introduced in [16] the notion of Frobenius splittings on X as a O X -linear map ϕ : F * O X → F * O X that splits F ♯ : F * O X → O X , where F is the Frobenius endormorphism of X. They proved that both Bott-Samelson varieties and Schubert varieties are Frobenius split and obtained a cohomology vanishing result for line bundles on both Bott-Samelson varieties and Schubert varieties as a consequence. See [2] and [10] . A notion of Poisson T-Pfaffian can be also defined on nonsingular T-Poisson varieties defined over an algebraically closed field of positive characteristic. Given a Poisson T-Pfaffian σ on a T-Poisson variety (X, π X ), one can then use σ p−1 to define a Frobenius near-splitting. Furthermore, we prove that when the near-splitting is a splitting, then all compatibly split subvarieties of the splitting must be T-Poisson sub-varieties.
Assume that G is defined over an algebraically closed field of positive characteristic. Our general theory can be applied to show that Frobenius splittings can be constructed uniquely on Bott-Samelson varieties via Poisson geometry, which are the same as the standard splittings constructed in [2] . Furthermore, our general theory also constructs the unique Frobenius splitting on G/U via Poisson geometry.
1.2.
Poisson geometry of (G/U, π G/U ). Let G be again a semi-simple algebraic group. Let , g be a symmetric and non-degenerate invariant bilinear form on the Lie algebra g of G. Let (B, B − ) be a pair of opposite Borel subgroups of G . Let π st be the standard Poisson structure on G defined by the choice of the triple (B, B − , , g ) (see §2.2 for detail). The Poisson structure π st projects to a well-defined Poisson structure on G/U , denoted as π G/U . We call π G/U the standard Poisson structure on G/U . Similarly, the Poisson structure π st also projects to a well-defined Poisson structure on G/B, denoted as π G/B .
Let T = B ∩ B − be a maximal torus of G. Let W = N G (T )/T be the Weyl group of (G, T ), where N G (T ) is the normalizer of T in G. The Bruhat order (see [4] ) on W is denoted by ≤. It is well-known that G/U has the Bruhat decomposition G/U = w∈W BwB/U, such that each BwB/U is a Poisson submanifold of (G/U, π G/U ). On each BwB/U , there exists an isomorphism κẇ : BwB/U → T × (BwB/B) defined in (2.6). On T × (BwB/B), there exists a certain T-mixed Poisson structure 0 ⊲⊳ A 0 π G/B defined in §2.3. The following Theorem A expresses κẇ(π G/U ) as a T-mixed Poisson structure on T × (BwB/B).
is called a single T-leaf in (X, π X ). See [13] for reference.
Suppose that G is a complex semi-simple algebraic group. Consider the left translation of T on G/U . Then, (G/U, π G/U ) is a T -Poisson manifold. The following Theorem B decomposes (G/U, π G/U ) as a finite union of T -leaves.
Theorem B. The decomposition of G/U into T -leaves of the Poisson structure π G/U is
1.3. General construction of Frobenius splittings via Poisson geometry. Suppose that G is defined over an algebraically closed field of positive characteristic. To study the Frobenius splitting on G/U , we first develop a general construction via Poisson geometry.
Let T be an algebraic torus over an algebraically closed field k of positive characteristic p > 2. A Poisson T-Pfaffian ( [13] ) on an n-dimensional T-Poisson variety (X, π X ) is a non-zero anticanonical section on X of the form
where r is the half of the rank of π X and the v i 's are some generating vector fields for the torus action. 
Therefore in particular the p − 1 tenor power σ p−1 of a Poisson T-Pfaffian σ gives rise to a Frobenius near-splitting ϕ σ of X.
Definition. If the Frobenius near-splitting ϕ σ is a Frobenius splitting, then the Poisson T-Pfaffian σ is called a Frobenius Poisson T-Pfaffian.
Remark.
A basic fact about Frobenius splitting is that if one can verify the restriction of a near-splitting ϕ on a variety X to an open subset U of X is a Frobenius splitting on U , then ϕ is a Frobenius splitting on X. See [2] for more details. The advantage of constructing the near-splitting via Poisson T-Pfaffian is that often there exists some nice expression of the Poisson structure in local coordinates.
We first consider a special kind of Poisson structure on affine spaces called a Poisson CGL extension ( [8] ), which plays important role in the study of cluster algebras (see [8] ) as well as integrable systems (see [11] ), and prove the following: Theorem C. If the rank of a Poisson CGL bivector field π X is equal to that of (π X ) 0 , the log-canonical part of π X , then the Frobenius near-splitting ϕ σ is a Frobenius splitting.
For a general T-Poisson variety (X, π X ), the connection between compatibly split subvarieties of X and T-Poisson subvarieties of (X, π X ) is presented in the following Theorem D.
Theorem D. Let σ be a Poisson T-Pfaffian of a T-Poisson variety (X, π X ). If the Frobenius near-splitting φ σ defined by σ is a Frobenius spltting, then all compatibly split subvarieties of φ σ must also be T-Poisson sub-varieties with respect to the Poisson structure π X .
1.4.
The Frobenius Splitting of G/U via Poisson T -Pfaffian. Theorem C can be applied to concrete examples including Bott-Samelson varieties and the basic affine space. First, we equip the certain standard Poisson structure (see [6] ) on the Bott-Samelson varieties and prove that Frobenius Poisson T -Pfaffian exists on any Bott-Samelson variety and is unique up to scalar multiple. Moreover, it is the same as the anti-canonical section constructed in [2] in the construction of Frobenius splittings. See Theorem 4.2 for more details. Then, we reach our goal of this paper, which figures out the Frobenius splitting on G/U via the Poisson geometry as follow.
Theorem E. There exists a unique (up to scalar multiples) Poisson T -Pfaffian σ on (G/U, π G/U ) and σ p−1 induces a Frobenius splitting on G/U . 1.5. Acknowledgments. The authors would like to thank Jiang-Hua Lu for her help and encouragements. This work was completed while the authors were supported by the University of Hong Kong Postgraduate Studentship.
2. Poisson geometry of (G/U, π G/U ) 2.1. Basics on Poisson geometry. Denote by k an algebraically closed field . Algebras are assumed to be over k and both associative and commutative. Recall that a Poisson k-algebra is a k-algebra A equipped with a k-bilinear map, called a Poisson bracket, {−, −} : A × A → A, which is skew-symmetric and satisfies the Leibniz rule and the Jacobi identity. Recall that a Poisson variety (P, π) is a variety P with a bi-vector field π such that {f, g} = π(df, dg) is a Poisson bracket on local functions. See [20] for details. Let T be a complex torus. Recall that a T-Poisson variety is a Poisson variety (P, π) with a T-action preserving π. We see [13] for details.
Let (G, π G ) be a Poisson Lie group and let (P, π P ) be a Poisson variety such that G acts on P from the left preserving the Poisson structure. If the action is transitive, (P, π P ) is called a Poisson homogeneous space of (G, π G ). See [5] for reference.
A subgroup/variety Q of a Poisson Lie group/variety (G,
The following proposition proved in [17, Theorem 6] provides a class of examples of Poisson homogenous spaces.
Proposition 2.1. Let (G, π G ) be a Poisson Lie group and let Q ⊂ G be a closed coisotropic Lie subgroup of (G, π G ). Denote the projection from
Let T 1 and T 2 be algebraic tori with Lie algebras t 1 and t 2 respectively. Let (P, π P ) be a T 1 -Poisson variety and (Q, π Q ) be a T 2 -Poisson variety. The T 1 and T 2 actions are denoted by ρ and λ respectively. Given
define the bivector field on P × Q by (2.1)
Consider the (T 1 × T 2 ) action on P × Q defined by
The following lemma proved in [21, Lemma 2.1.1] constructs a mixed product Poisson structure on P × Q associated to torus actions. 2.2. The standard Poisson structure π G/U on G/U . Let G be a connected and simplyconnected semi-simple algebraic group G and let g be the Lie algebra of G. Let (B, B − ) be a pair of opposite Borel subgroups of G. Denote U and U − respectively the uniradical of B and B − . Let T = B ∩ B − be a maximal torus of G. Denote Lie algebras of B, B − , U , U − and T by b, b − , u, u − and h respectively. Let ∆ ⊂ h * be the set of roots of g with respect to h, and let
Lemma 2.2. For any
be the root decomposition of g. Let ∆ + ⊂ ∆ and Γ ⊂ ∆ + be respectively the sets of positive roots and simple roots. We also write α > 0 for α ∈ ∆ + . For α > 0, let h α be the unique element in [g α , g −α ] such that α(h α ) = 2. Fix, for each α ∈ ∆ + , e α ∈ g α and e −α ∈ g −α such that [e α , e −α ] = h α . Let , g be a fixed symmetric non-degenerate invariant bilinear form on g. Denote the induced non-degenerate bilinear form on h * by , . For α > 0, denote E α = α, α e α and E −α = √ α,α 2 e −α . Let {H 1 , ..., H n } be an orthogonal basis of (h, · g ). Definition 2.3. [7, 13] The standard Poisson structure π st on G is defined by
where l g and r g are respectively the left and right translation of g on G and
Remark 2.4. The Poisson structure π st depends on the choices of the triple (B, B − , , g ), but not on the choices of the root vectors e ±α ∈ g ±α .
For a root β, denote by u β (z) the root-subgroup corresponding to β, where z ∈ k. For each α ∈ Γ, fix a representativeṡ
. We denote by P α = B ∪ Bṡ α B the parabolic subgroup corresponding to α ∈ Γ. It is well-known that P α is a Poisson-Lie subgroup of G for all α. We denote the restriction of π st on P α by the same notation. Let (H i ) be an orthogonal basis of (h, , g ). Consider now the direct product Lie algebra g ⊕ g and define 
is Poisson.
It follows from the construction of π st that U is a coisotropic subgroup of (G, π st ). Moreover, the following lemma is proved in [13, Section 6.1].
Lemma 2.6. The standard Poisson structure π st vanishes on T and BwB is a Poisson subvariety of (G, π st ) for any w ∈ W .
Definition 2.7. The projection of π st to G/U is a well-defined Poisson structure by Proposition 2.1, which is denoted by π G/U and called the standard Poisson structure on G/U .
Let λ be the T -action on G/U defined by
Lemma 2.8.
Proof. It follows from Proposition 2.1 that (G/U, π G/U ) is a Poisson homogenous space. As π st vanishes on T , the torus action T preserves π G/U .
Q.E.D.
2.3.
Proof of Theorem A. Let G be a complex semi-simple algebraic group and follow same notations in §2.2. It is well-known that G has the Bruhat decomposition
As U is a closed subgroup of U , G/U also has the Bruhat decomposition
For each w ∈ W , it follows from Lemma 2.6 that BwB is a Poisson subvariety of (G, π st ) and BwB/U is a Poisson subvariety of (G/U, π G/U ). For w ∈ W , define U w = U ∩ wU − w −1 . If we fix a representativeẇ ∈ N G (T ), any g ∈ BwB can be uniquely decomposed as g = txẇn with t ∈ T , x ∈ U w and n ∈ U . For any w ∈ W , consider the isomorphism on BwB defined by
and the isomorphism on BwB/U defined by
Recall from Proposition 2.1 that π st also projects to well-defined Poisson structures on G/T as well as G/B , denoted respectively by π G/T and π G/B . Let ρ be torus action induced by defined by
When Q = B or T , let λ be torus action defined by
Let (H i ) be an orthogonal basis of (h, , g ) and let
To prove Theorem A, we first prove the following Proposition 2.9, which expresses Jẇ(π st ) as a T-mixed Poisson structure on T × (BwB/T ).
Proof. First, we prove that the map
is Poisson. For any g ∈ BwB and a fixedẇ ∈ N G (T ), g can be uniquely written as
for the same t ∈ T , x ∈ U w , x ′ ∈ U ∩ w −1 U − w and n, n ′ ∈ U . So, we can write
It is sufficient to prove that jẇ and j T is Poisson. By the multiplicativity of π st , one has
where r g denotes the right translation on G and l h denotes the left translation on G. On one hand, for a fixed tn ′ ∈ B, all the elements inẇU ∩ U −ẇ go to the same point tn ′ via jẇ
AsẇU ∩ U −ẇ is coisotropic in (G, π st ), (see [12, Lemma 10] ) one has
On the other hand, for a fixedẇ ∈ N G (T ) and x ′ ∈ U ∩ w −1 U − w, jẇ • rẇ x ′ maps all the elements in B to itself, i.e. for any tn ′ ∈ B,
As B is a Poisson Lie subgroup of (G, π st ), one has
Moreover, as U is coisotropic subgroup of (B, π st ) and π st vanishes on T , one has
Therefore, jẇ and j T are Poisson maps. Then, we study the mixed terms. Define that
Recall that (BwB, π st ) is Poisson isomorphic to ((BwB) ∆ , Π st ). We can identify Jẇπ st with Ψẇ(Π st ). By the definition of Π st , write
where,
and
Since the vector field E l α , E r α vanishes when projected to T and H l i on BwB vanishes when projected to BwB/T , one has Ψẇ(µ 1 ) = Ψẇ(µ 2 ) = Ψẇ(µ 4 ) = 0. Additionally, Ψẇ(µ 3 ) coincides with the mixed term in statement. Therefore, Jẇπ st = 0 ⊲⊳ A 0 π G/T .
Q.E.D.
Furthermore, the following theorem expresses κẇ(π G/U ) as a T-mixed Poisson structure on T × (BwB/B).
Proof. Let p G/U be the natural projection from G to G/U . When restricted to BwB, one has
Therefore, on each BwB/U , one has
2.4.
Proof of Theorem B. In [13] , J. Lu and V. Mouquin develops a general theory to study the T-leaves of a class of T-Poisson manifold. Let G be a complex semi-simple algebraic group. The general theory is applied to study the T -leaves of (G/B, π G/B ) in [13 However, the general theory can not be applied to study the T -leaves of (G/U, π G/U ). Based on the work in §2.3, we give a proof of Theorem B. First, we recall the following Proposition Proposition 2.12.
[11] Let T be a algebraic torus and (X, π X ) a T-Poisson variety. Let t be the Lie algebra of T and A ∈ t ⊗ t. With respect to the diagonal action of T on T × X , the T-leaves of the Poisson structure 0
such that BuB is a Poisson subvariety of (G/U, π G/U ) for each u ∈ W . To study the T -leaves decomposition of (G/U, π G/U ), it is sufficient to study the T -leaves of (BuB/U, π G/U ) for each fixed u ∈ W . For any fixed u ∈ W , it follows from Proposition 2.10, Proposition 2.11 and Proposition 2.12 that for each v ≤ u ∈ W , the subvariety
General construction of Frobenius splittings via Poisson T-Pfaffians
3.1.
Poisson algebras in positive characteristics. Denote by k an algebraically closed field with char(k) = p > 2. The purpose of this section is to explain a few aspects of Poisson algebras over fields of positive characteristics, and in particular the notion of Poisson T-Pfaffians, T being an algebraic torus, which in the case of characteristic 0 is introduced in [13] . Note that a special feature when char(k) = p > 0 is that, given a Poisson algebra A and any element a ∈ A, the ideal a p is a Poisson ideal since
Notation 3.1. Let A be a k-algebra and n a non-negative integer. The vector space consisting of all n-derivations on A will be denoted by X n (A). By convention, X 0 (A) = A.
There is a natural A-module structure on X n (A): for b ∈ A and α ∈ X n (A),
(bα)(a 1 , . . . , a n ) = b(α(a 1 , . . . , a n )), a 1 , . . . , a n ∈ A.
Suppose A is finitely generated by r elements. By the skew-symmetry of multi-derivations, X n (A) = 0 for all n > r. The module of top degree multi-derivations on a finitely generated k-algebra A is defined to be X n (A), where n is the largest integer such that X n (A) = 0. It will be denoted by X top (A).
We now briefly recall the definition of the wedge product and the Schouten bracket on X(A) = ∞ n=0 X n (A). Let α ∈ X m (A), β ∈ X n (A) and a 1 , . . . , a m+n ∈ A. Then α ∧ β ∈ X m+n (A) is defined by
where S m,n denotes the set of all (m, n)-shuffles, while [α, β] ∈ X m+n−1 (A) is defined by
Being a bi-derivation, any Poisson bracket on A is of the form
for a unique π ∈ X 2 (A), and the condition char(k) = 2 implies that the Jacobi identity of {−, −} is equivalent to [π, π] = 0. (sgnσ)π(a σ(1) , a σ (2) ) . . . π(a σ(2r−1) , a σ(2r) ).
Lemma 3.3. For any π ∈ X 2 (A) and any integer r ≥ 1, one has π ∧r = r!π [r] .
Proof. Denote by R r 2 the set of all elements σ ∈ S 2r such that σ(2i−1) < σ(2i) for all i = 1, . . . , r. In particular, R 2 2 is just the set of all (2, 2)-shuffles. By definition, for any a 1 , . . . , a 2r ∈ A, one has π ∧r (a 1 , . . . , a 2r ) = σ∈R r 2 (sgnσ)π(a σ(1) , a σ (2) ) . . . π(a σ(2r−1) , a σ(2r) ).
For each σ ∈ R r 2 , we can reorder the factors in the right hand side of the above expression so we may assume that σ(1) < σ(3) < . . . < σ(2r − 1), i.e., σ ∈ S [2r] . Thus
Definition 3.4. The rank of a Poisson structure π on A, denoted by rank(π), is defined to be 2r, where r is the largest integer such that π [r] = 0.
Let A be a finitely generated k-algebra and let m be a maximal ideal of A. Recall that m/m 2 is a vector space over the field A/m. As A is finitely generated and k is algebraically closed, A/m ∼ = k by the Zariski lemma. Let α ∈ X n (A) and a 1 , . . . , a n ∈ A. Suppose a i ∈ m 2 for some i. Then by the Leibniz rule, one see that α(a 1 , . . . , a n ) lies in m. Therefore, α induces an alternating k-linear map
Assume now that A is a Poisson k-algebra with Poisson structure π ∈ X 2 (A). Then π induces an alternating k-linear map for each maximal ideal m of A
Consequently, one has the skew-symmetric linear transformation
of k-vector spaces for each maximal ideal m of A. Let V be a k-vector space and let ω ∈ ∧ 2 V . Similar to the case of multi-derivation, we have the element
Remark 3.6. It is easy to see that (π
Therefore there is no ambiguity to write π
Lemma 3.7. Let V be an n-dimensional k-vector space. Suppose an element ω ∈ ∧ 2 V satisfies rank(ω) = 2r. Then there exists a basis {e 1 , . . . , e n } of V such that
Proof. For some integer m, ω can be written as 
In such steps, the number of terms decreases by 1. Keep running this process until we arrive at a linearly-independent set of vectors, then the conclusion follows.
Q.E.D. Proof. By Lemma 3.7, the condition that rank(π m ) = 2r implies that there exists a basis {e 1 , . . . , e n } of (m/m 2 ) * such that
Therefore π To prove the second part, we assume the contrary. Suppose rank(π m ) < 2r for every maximal ideal m, so that π 
This holds for every maximal ideal m. Therefore π [r] (a 1 , . . . , a 2r ) lies in the Jacobson radical of A. Since A is a finitely generated k-algebra, its Jacobson radical equals its nil radical, which is zero by our assumption that A is reduced. So π [r] = 0, contradicting that the rank of π is 2r.
Example 3.10. Let A = k[x, y, z]/I, where I = x 2 . Then A is not reduced since x is a nilpotent element. Let π ∈ X 2 (A) be defined by π(x, y) = x, π(x, z) = x, π(y, z) = 0.
Then for any f ∈ k[x, y, z], one has π(x, f ) ∈ x . Therefore π is well-defined because π(x 2 , f ) = 2xπ(x, f ) ∈ I. Since π = 0, one must have rank(π) > 0. Actually it can be easily seen that rank(π) = 2. On the other hand, maximal ideals of A are of the form m = x, y − y 0 , z − z 0 , where y 0 , z 0 ∈ k. Fix arbitrary y 0 and z 0 . Then π m is given by
Hence π m is trivial, implying that rank(π m ) = 0, for any maximal ideals of A.
Frobenius Poisson T-Pfaffians.
Recall that an algebraic torus T over k is an algebraic group isomorphic to (k * ) n for some non-negative integer n. A character of T is an algebraic group homomorphism λ : T → k * . The set of all characters of T form an abelian group with the group operation being pointwise multiplication and is denoted by X * (T), called the character group of T. Any identification T ∼ = (k * ) n gives coordinates (t 1 , . . . , t n ) on T. Let λ ∈ X * (T). Then λ is a morphism of varieties, so λ(t 1 , . . . , t n ) should be a Laurent polynomial in these variables. As λ is also a group homomorphism, λ should be a Laurent monomial. Hence
for some r 1 , . . . , r n ∈ Z. On the other hand, it can be easily seen that all λ of the form above are characters of T. One thus sees that X * (T) is isomorphic to Z n , a free abelian group of rank n. For the rest of the chapter, we will identify X * (T) with Z n . Also, we write t λ for λ(t). Suppose λ ∈ X * (T), then it induces a map from t → k, which we will also denote by λ. This induced map is given by
where λ = (λ 1 , . . . , λ n ) and h = (h 1 , . . . , h n ).
Suppose now T acts on a vector space V . Let v ∈ V . If there exists some function λ : T → k * such that tv = λ(t)v for all t ∈ T, we say that v is a weight vector with weight λ. The set of all λ-weight vectors form a vector sub-space of V , called the weight space and is denoted by V λ . Definition 3.11. Let A be a k-algebra with a T-action. The action is said to be rational if A can be decomposed into a direct sum of weight spaces, i.e.
Suppose T acts on A rationally. Let a ∈ A. From the decomposition, we can write a = n i=1 a i , where a i ∈ V λ i for some λ i ∈ X * (T). Then each element h ∈ t gives rise to a k-derivation ∂ h on A defined as
Definition 3.12. Let A be a Poisson k-algebra. A Poisson T-action on A is a T-action on A by Poisson automorphism. A rational Poisson T-action is a rational T-action on A which is at the same time a Poisson T-action. Lemma 3.13. For h ∈ t, the derivation ∂ h induced from a rational Poisson torus action is a Poisson derivation.
On the other hand,
Definition 3.14. Let (A, π) be a finitely generated Poisson algebra with a rational Poisson T-action. Suppose the rank of the Poisson structure on A is 2r. A Poisson T-Pfaffian of (A, π) is a non-zero element σ ∈ X top (A) of the form
For a ∈ A, define X a ∈ Der(A) by X a (b) = {a, b} for b ∈ A. It is easy to see that X a is a Poisson derivation of A. We will refer to X a as the Hamiltonian derivation of a.
Proposition 3.15. The following formula holds for all positive integer l and all a 1 , . . . , a 2l ∈ A:
In particular, π [r] ∧ X a = 0 for Hamiltonian derivation X a , where r is the half rank of π.
Proof. By definition, one has
For each σ ∈ S 2l−2,2 with σ(2l) = 2l, we know that
where τ runs through all permutations on {σ(1), . . . , σ(2l − 2)} such that τ σ(1) < τ σ(3) < . . . < τ σ(2l − 3) and τ σ(2i − 1) < τ σ(2i) for i = 1, . . . , l − 1. If we extend each τ to be a permutation in S 2l by setting τ σ(2l − 1) = σ(2l − 1) and τ σ(2l) = σ(2l) = 2l, then the original expression becomes
where τ σ runs through all permutations in R l 2 such that τ σ(1) < τ σ(3) < . . . < τ σ(2l − 3) and τ σ(2l) = 2l. Recall that S [2r] is the subset of permutations in R l 2 such that σ(1) < σ(3) . . . < σ(2l − 1). By rearranging the order of the terms, we obtain
On the other hand, still by definition
Therefore, Proof. By definition,
Since X a is Hamiltonian, [X a , σ] is zero. On the other hand, [X a , ∂ h i ] is also Hamiltonian. The result then follows from Proposition 3.15.
Q.E.D.
The definitions of Poisson algebras and related concepts can be globalized to Poisson varieties.
Definition 3.17. Let X be a non-singular variety. A Poisson structure on X is a section π ∈ H 0 (X, ∧ 2 T X ) satisfying [π, π] = 0. Let T be an algebraic torus acting on X by Poisson automorphisms. A Poisson T-Pfaffian is a section σ ∈ H 0 (X, ω −1 X ) such that there exists h 1 , . . . , h l ∈ t = Lie(T) so that the following holds
where r is half of the rank of π. ] with a TPoisson structure for which x 1 , . . . , x n are T-eigenvectors, where T is an algebraic torus, together with elements h 1 , . . . , h n ∈ t such that the following conditions are satisfied for 1 ≤ i ≤ n:
for some λ i ∈ t * and some locally nilpotent
Definition 3.19. The Poisson bi-vector of a Poisson CGL extension, which is written as
is called a Poisson CGL bivector field.
By taking away the δ-part of π, one obtains a log-canonical Poisson structure π 0 on k[x 1 , . . . , x n ] given by 
For each σ ∈ S 2l,2r−2l , we know that π
involve the variable x j for every i < j. Therefore the coefficient of
is a scalar multiple of x i 1 . . . x i 2r , our assumption implies that π 0 (dx i 1 ∧ . . . ∧ dx i 2r ) = 0 for every 1 ≤ i 1 < . . . < i 2r ≤ n. Hence π 
Let (k[x 1 , . . . , x n ], π) be a Poisson CGL extension. Let e i = x i ∂ i and V be the n-dimensional k-vector space with basis {e 1 , . . . , e n }. Then π 0 , the log-canonical term of π, is represented by the skew-symmetric matrix Ω − Ω T , where Ω is the n × n strictly upper triangular matrix with entries λ i (h j ) for i < j. Suppose the rank of the matrix π 0 is 2r, let v 1 , . . . , v n−2r be n − 2r elements in V . Note that with the basis e i 's, the v i 's can be regarded as size n column vectors. One can define an n × (2n − 2r)-matrix M as Proof. Denote the columns of π 0 by w 1 , . . . , w n . Since the rank of π 0 is 2r, without lost of generality, we may assume that the image of π 0 is Span{w 1 , . . . , w 2r }. Since π 0 ∈ ∧ 2 im(π 0 ), π , w 2r , v 1 , . . . , v n−2r are linearly independent, which is equivalent to saying that M is of full rank.
3.4.
Proof of Theorem C. For the convenience of the reader, we first restate the Theorem C.
Theorem 3.22. If π X is a Poisson CGL bivector field whose rank equals to that of (π X ) 0 , the near Frobenius splitting φ σ is a Frobenius splitting. If moreover π X is log-canonical, the Poisson Frobenius splitting is unique up to scalar.
Proof. From Proposition 3.20 we see that the coefficient of
0 for all {j 1 , . . . , j 2r }. Therefore the coefficient of
. So we only need to prove that π [r] 0 ∧ ∂ h i 1 ∧ . . . ∧ ∂ h i n−2r is a Frobenius T-Pfaffian for some {i 1 , . . . , i n−2r }. We know that ∂ h j is represented by the size n column vector with the i-th entry being λ i (h j ). Denote the n × n strictly lower triangular matrix with i, j-th entry being λ i (h j ), where i > j, by L. Then the matrix representing (∂ h 1 . . . ∂ hn ) is written as Ω + L + D, where D is the nonsingular diagonal matrix with entries λ i (h i ). Therefore, by Lemma 3.21, to prove the existence of such Frobenius Poisson T-Pfaffian is equivalent to prove that the following n × 2n matrix
has full rank. When n = 1, the conclusion is trivial. Suppose the conclusion holds for a general n. For n + 1, denote the size n column vector with i-th entry λ i (h n+1 ) by v 1 , denote the size n row vector with i-th entry λ n+1 (h i ) by v T 2 . Then one has
Therefore the n + 1 × 2n + 2 matrix M ′ is
Denote the length 2n row vector (−v 1 T v 2 T ) by w. If we move the (n + 1)-th column of M ′ to the last,
Since λ n+1 (h n+1 ) = 0, by observing the last two columns of the matrix above, we see that the last row cannot be cleared. Therefore
The uniqueness follows from the observation that in the log-canonical case, any Poisson T-Pfaffian must be equal to a non-zero scalar multiple of Proof. It suffices to prove the statement for the affine case. Let X = Spec(A), where A is a finitely generated k-algebra which is also an integral domain. Suppose Y is given by ideal I of A. Suppose that for every 
By Proposition 3.23, this implies that f = t m 1 h for some h and m ≥ 1. Here we choose m to be the maximal one. Since σ defines a Frobenius splitting, m cannot be a multiple of p. On the other hand, by direct calculation, [V, σ] = 0 implies
Therefore g 1 h ∈ I. Because m is chosen to be the maximal, it follows that g 1 ∈ I. Let l ∈ O X,p , then
Hence D is invariant under V . Next we prove the statement by induction on the dimension of X. The case where dim(X) = 1 follows from above. Suppose the statement holds for all X with dim(X) < n, we consider the case where dim(X) = n. By our assumption, X is split by a p − Let G be a connected and simply-connected semi-simple algebraic group defined over k and refer the notations to §2.2. Let u = (s α 1 , . . . , s αn ) = (s 1 , . . . , s n ) be any word in W = N G (T )/T , the Weyl group of G. Recall that the Bott-Samelson variety Z u associated to the word u is defined to be the quotient space of P u = P α 1 × · · · × P αn ⊂ G n by the B n action on P u given by where p i ∈ P α i and b i ∈ B for all 1 ≤ i ≤ n. It is well known that Z u is an n-dimensional non-singular projective variety [2] .
Recall in [6] that a sub-expression of a word u = (s 1 , s 2 , . . . , s n ) is an element γ ∈ {e, s 1 } × {e, s 2 } × . . . × {e, s n }, where e is the identity element in W . The set of all sub-expressions of u is denoted by Υ u . Each γ = (γ 1 , . . . , γ n ) ∈ Υ u determines an open embedding to Z u via (4.1) Φ γ : k n → Z u , (z 1 , . . . , z n ) → [u −γ 1 (α 1 ) (z 1 )γ 1 , . . . , u −γn(αn) (z n )γ n ].
The image of Φ γ will be denoted by O γ . The atlas {(O γ , Φ γ ) : γ ∈ Υ u } will be called the standard atlas on Z u .
Proposition 4.1.
[6] The product Poisson structure π n st on P u projects to a well-defined Poisson structure π u on Z u , which will be denoted by π u . For any γ = (γ 1 , . . . , γ n ) ∈ Υ u , in the coordinates (z 1 , . . . z n ) on the affine chart O γ of Z u , the Poisson structure π u is given by Q.E.D.
4.2.
Proof of Theorem E. For the convenience of the reader, we first restate the Theorem E. where x 1 , . . . , x n ∈ t. Now let x i = (x i , 0) ∈ t ⊕ t. Suppose the rank of T is m. For i = 1, . . . , m, let y i = (0, e i ) ∈ t ⊕ t, where e i ∈ k m is 1 on the i-th spot and 0 elsewhere. Here we have made the identification between k m and t via (k × ) m ∼ = T . Consider the section
Since Bw 0 B/U is an T -invariant open subset of G/U , we may regard π G/U as a Poisson structure on Bw 0 B/U and v x a generating vector field for the T -action on Bw 0 B/U . Then the restriction of σ 1 on Bw 0 B/U is given by the same expression of the corresponding restricted π G/U and v. Choose a reduced word for w 0 . In the coordinates of Bw 0 B/B defined by (ϕ w 0 ) −1 , we know from the previous section that σ is given by a scalar multiple of
